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Abstrat
Following the reent measurement of the aousti peak by the BOOMERanG and
MAXIMA experiments in the CMB anisotropy angular power spetrum, many anal-
yses have found that the geometry of the Universe is very lose to at, but slightly
losed models are favoured. In this paper we will briey review how the CMB
anisotropies depend on the urvature, explaining any assumptions we ould make
and showing that this skewness towards losed models an be easily explained by
degeneraies in the osmologial parameters. While it is diult to give independent
onstraints on the osmologial onstant and/or dierent forms of dark energies, we
will also show that ombining CMB measurements with other observational data
will introdue new and tighter onstraints, like ΩΛ > 0 at high signiane.
Key words: Cosmology; Cosmi Mirowave Bakground; Data Analysis
1 Introdution
In the most general and simple inationary senario [1℄ the overall present
energy density of the universe must be equal to the so-alled ritial energy
density (Ω = ρ/ρc = 1, with ρc = 3H
2
0
/8πG). In fat, the ondition for
ination (a¨inf > 0, and so d/dt(H
−1
inf/ainf) < 0) is preisely that whih drives
Ω(t) towards 1 in the Friedmann equation
Ω(t)− 1 = k
a2(t)H2(t)
(1)
during the inationary period. This predition, however, taken with the stan-
dard CDM model of struture formation, is apparently in disagreement with a
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ombined set of observations, suh as density-veloity galaxy eld omparisons
([14℄), pairwise galaxy veloities ([15℄), X-ray lusters temperature funtion
evolution ([7℄, [8℄) and veloity dispersions
3
([9℄)℄, whih point in favor of a
low density universe
4
(Ωmatter < 1). In order to solve the disrepany, open
(Ω = Ωmatter < 1) inationary models have been proposed ([2℄, [3℄ [4℄). This
type of model highlights limitations on the preditiveness of the inationary
senario, whih is supposed to have the advantage of removing any depen-
dene on initial onditions from our present observable universe. However,
even if this piture leads to a more ompliated phenomenology, it generally
determines Ω diretly from parameters of the physial theory.
On the other hand, another way to keep low-density models ompatible with
the simplest model of ination is to introdue a osmologial onstant, Λ, suh
that Ω ≡ Ωmatter + ΩΛ = 1. The presene of suh a osmologial onstant,
whih is ompatible with all the above observations sine they are pratially
insensitive to it, is also preferred by measurements of the magnitude-redshift
relationship in high-redshift type Ia supernovae ([16℄, [17℄). Nonetheless, this
'natural' solution introdues the osmologial onstant problem ([5℄) that is
perhaps even more aute in inationary osmology (see [6℄ for a review). Thus,
an aurate determination of the present overall density parameter Ω, even if
not a panaea for the osmologial senario, is at least extremely important in
understanding whih theoretial framework ould explain the above onits.
There is muh experimental evidene for the presene of a peak in the CMB
angular power spetrum ([18℄, [19℄). Furthemore, with the reent release of the
BOOMERanG-98 [20℄ and MAXIMA-1 [30℄ spetra, the shape and position
of the peak has been deteted with unpreedented auray. This result, apart
from being in wonderful agreement with the standard senario of primordial
adiabati utuations, has important onsequenes on the parameter Ω ([33℄,
[37℄, [38℄, [39℄, [40℄). As previously noted and already well explained in the
literature, the eet of the urvature is to hange the relationship between the
physial sales on the Last Sattering Surfae (LSS) and the orresponding
angular sales (see., e.g. [21℄, [22℄). In an open universe, for example, the
geodetis foalize in suh a way that a partiular angular sale will orrespond
to a greater physial sale on the LSS than the one expeted in a at model.
The immediate result is a shift in the radiation angular power spetrum (the
so-alled Cℓ's), and thus a dependene of the position of the rst peak ℓpeak on
the urvature ([41℄, [23℄, [24℄, [25℄, [26℄). The CMB power spetrum is therefore
a powerful tool for the determination of the urvature and so of the overall
energy density.
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A more onservative approah would say that the situation is rather unlear and
the X-ray lusters data and theoretial modelling an be suiently large to prevent
an unambigous exlusion of Ωm = 1 (see e.g. [10℄, [11℄, [12℄, [13℄)
4
From here on, with Ω we will indiate only the present value
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Figure 1. The BOOMERanG and MAXIMA Cℓ's data together with the most viable
open, losed and at models from present nonCMB observations.
2 Ω and the shift of the CMB Angular Power Spetrum
In Fig.1, we show the reent data from the BOOMERanG ([19℄,[20℄) and from
the MAXIMA [30℄ experiments together with the preditions of the most vi-
able open, at and losed adiabati models (from present nonCMB observa-
tions). It is quite evident that the open (losed) model predits a rst peak on
smaller (larger) sales with respet to the at model, whih is in muh better
agreement with the data.
In the literature, the dependene of ℓpeak on Ω is often expressed as
ℓpeak ∼ 220√
Ω
(2)
However, this approximation is not orret in Λdominated universes (see
Fig.1, where the peak for the losed model is at ∼ 130 instead of ∼ 190)
and does not take into aount the further dependene of ℓpeak on other pa-
rameters like the Hubble onstant and the matter density Ωm. So, in view of
the reent ℓpeak = 197 ± 6 ([20℄), further modiations to the above formula
are needed (see also [27℄, [28℄). Also, the width of the peaks and the inter
peak distane vary as funtions of Ω (again see Fig.1) so a more omplete
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expression is needed to desribe these eets. This point is rather important
beause knowing the exat dependene of the CMB spetrum on Ω will help
us in understanding the shape of the probability distribution funtion for this
parameter and, ultimately, how well it an be measured independently.
In order to do this, it is onvenient to introdue the 'shift' parameter R dened
as
ℓpeak = ℓ
flat
peak/R (3)
where flat indiates the at, pureCDM, Λ = 0 model. The use of the R
parameter is more appropriate than the onventional ℓpeak beause it has a
learer geometrial dependene.
As usual, let us assume the metri of spaetime to be of a FriedmanLemaitre
RobertsonWalker (FLRW) form with urvature k:
ds2 = a(t)2[−dη2 + γijdxidxj] (4)
with
γijdx
idxj = dr2 + χ2(r)(dθ2 + sin2θφ2) (5)
where the funtion χ(r) depends on the urvature k and is r, sin(r) or sinh(r)
for k = 0 (at models), k = 1 (losed models) and k = −1 (open models),
respetively. The position of the rst aousti peak is determined primarly by
the angle subtended by the aousti horizon λac at deoupling time, ηdec. The
angle under whih a given omoving sale λ at onformal time ηdec is seen on
the sky is given by θ(λ) = λ/χ(η0−ηdec). As the harmoni number ℓ is inversely
proportional to the angle θ, we have R = θac/θ
flat
ac , with θac = csηdec/χ(y),
where cs = 1/
√
3(1 + 3Ωb/4Ωrad(1 + zdec)) denotes the adiabati sound speed
of the baryon/photon plasma at deoupling. It is possible to show that [22℄:
ηdec =
2
√
|Ωk|
Ωm
(
√
Ωrad + Ωm/(zdec + 1)−
√
Ωrad) (6)
where zdec ∼ 1100 is the redshift at deoupling and Ωk = 1 − Ωm − ΩΛ.
Furthermore, we have:
y = η0 − ηdec =
√
|Ωk|
zdec∫
0
dz
[Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ]1/2
(7)
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For a at, Ωm = 1, ΩΛ = 0, universe we have
θflatac = csηdec/(η0 − ηdec) = cs(
√
Ωrad + 1/(zdec + 1)−
√
Ωrad) (8)
We then nd, keeping onstant Ωbh
2
(and so cs) and Ωmh
2
(see next setion)
[29℄:
R =
2
χ(y)
√
|Ωk|
Ωm
(9)
whih is a quantity just dependent on Ωk = 1− ΩΛ − Ωm and Ωm.
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Figure 2. R = constant lines in the ΩΛ − Ωm plane.
In Fig.2 we plot the ontours at R = const in the ΩΛ − Ωm plane, together
with one dashed line suh that Ω = 1. As we an see, open models have in
general R < 1, while losed models have R > 1. This is the usual result
that in an open model the peaks are shifted towards greater ℓ values (smaller
angular sales) with respet to the at model ase, while for losed models we
have the opposite eet. It is worth noting that the CMB angular shift is not
linearly related to the urvature: lines at Ω = const are not parallel with the
R = const ontours, but have multiple intersetions, espeially in regions far
from atness (again, see Fig.2).
In Setion 4, we will build a likelihood distribution funtion L for Ω, using
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a Bayesian approah to ompare the urrent CMB data with the theoretial
preditions and then marginalizing over the remaining osmologial parame-
ters. The above result implies that the probability distribution funtion for
Ω (if we assume a at prior distribution on the remaining parameters while
marginalizing) will always be 'skewed' so that Ω will never be measured at a
level better than 10− 20% 5 .
3 The geometrial degeneray
With the parameter R xed, the struture and position of the Cℓ spetrum
is dependent on 2 physial sales: the equality sale and the sound horizon at
deoupling sale. These quantities are ompletely dened one we hoose the
abundane of old dark and baryoni matter in our model, by the parameters:
ωcdm = Ωcdmh
2
and ωb = Ωbh
2
. The CMB spetrum also depends on the
harateristis of the primordial inationary perturbations. Assuming that we
have already seleted the primordial power spetrum of our model, both in
shape (tilted or 'blue') and in nature (adiabati, isourvature, hybrid), the
struture of the CMB angular peaks is ompletely determined by R, ωb and
ωm = ωb + ωcdm. dm This result has an important onsequene: if we let Ωb,
Ωcdm and h assume any value but a xed ωm and ωb, the lines at R = const
in the Ωm −ΩΛ plane orrespond to sets of degenerate power spetra with an
idential shape on subdegree angular sales (ℓ > 30) [29℄.
In Fig.3 we draw a set of degenerate models with R, ωm and ωb set to those
of the osmologial onordane model, Ωm = 0.35, ΩΛ = 0.65, h = 0.65,
ωb = 0.021, ns = 1. It is lear from the degeneray of the models that, one
Λ is inluded, the peak position is not diretly related to Ω. It is also lear
that it seems impossible to obtain any relevant and independent information
from the CMB on ΩΛ: the Integrated Sahs-Wolfe eet on large sales ould
in priniple break the degeneray but osmi variane and a possible presene
of a gravity wave bakground make this eet diult to disentangle.
Our main results are then the following:
• Lines at R = const in the ΩΛ − Ωm plane orrespond to sets of degenerate
Cℓ power spetra.
• Given a at ΩΛ ∼ 0.65 model, a degenerate losed model an be found by
dereasing ΩΛ and h and inreasing Ωb and Ωcdm.
• R, ωm and ωb are the most meaningful CMB anisotropy observables.
5
Another interesting point, is that for Ωm ∼ 0 the lines at R=onstant onverge
towards ΩΛ = 1, but we must warn the reader that in the de Sitter solution the
notion of open, at or losed Universe beomes ambigous [40℄.
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Figure 3. Conordane model and degenerate models
• The CMB spetrum is a useful tool for the determination of Ω only if we
live in a at universe (R = const are not parallel to Ω = const when Ω
greatly diers from one).
• Assuming that the onordane model desribes our real universe we expet
that a likelihood analysis for Ω, using only the CMB power spetrum and
without inluding any external information about h, Ωm and ΩΛ, will always
be skewed towards losed models.
4 From CMB to Ω
Let us now desribe the standard tools for extrating the osmologial pa-
rameters from CMB anisotropy observations. Here we will analyze the reent
BOOMERanG97 ([19℄), BOOMERanG98 ([20℄) and MAXIMA ([30℄) results.
The power spetra from these experiments were estimated in 7, 12 and 10 bins
respetively, spanning the range 25 ≤ ℓ ≤ 785. In eah bin, the spetrum is
assigned a at shape, ℓ(ℓ + 1)Cℓ/2π = CB. Following [31℄ we use the oset
lognormal approximation to the likelihood L. In partiular we dene:
− 2lnL = (DthB −DexB )MBB′(DthB′ −DexB′), (10)
DXB = ln(C
X
B + xB), (11)
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MBB′ = (C
ex
B + xB)FBB′(C
ex
B′ + xB′), (12)
where CthB (C
ex
B ) is the theoretial (experimental) band power, xB is the oset
orretion and FBB′ is the Gaussian urvature of the likelihood matrix at the
peak. Of ourse, CthB will depend on the various parameters of our osmologial
model (ωm,ns, ...), and so it will be the likelihood funtion L. In order to
ompute the likelihood for a given parameter only α we an either marginalize
over all the remaining parameters, namely arry out the integral
Lmarg(α) =
∫
Pprior(α, ~Π)L(α, ~Π)d~Π (13)
where
~Π is a vetor ontaining all the remaining parameters and Pprior is the
prior probability distribution, or we an maximize i.e. for a xed α nd the
~Πmax wih maximizes
Lmax(α) = Pprior(α, ~Πmax)L(α, ~Πmax). (14)
The two methods, in general, agree at a level of ∼ 10%. The maximization
method is usually based on a searh algorithm through the seond derivative
of the likelihood matrix ([32℄). In this approah the Cℓ spetrum is omputed
on the way, without sampling the whole parameter spae. A dierent approah
is based on building a database of Cℓ's on a disretized grid of the parameter
spae. L(Ω) is then obtained by maximizing and/or integrating the likelihood
omputed on the grid ([33℄, [34℄). Of ourse, produing a grid of models an
be quite omputationally expensive even with the new and fast boltzmann
odes like CAMB [43℄ or CMBFAST [42℄. But this problem an be drastially
redued using morphing [35℄ or interpolation [36℄ algorithms.
The denition of the database is rather important beause it denes the in-
ternal Pprior of our analysis and, in general, it is better to have this prior as
at as possible for eah given parameter. This brings us to the hoie of the
variables in whih the database must be sampled. As we saw in the previous
setion, the CMB anisotropies are mainly sensitive to the physial variables ωi
and R, so sampling in those variables will avoid degeneraies. Furthemore, the
physial baryon density ωb = Ωbh
2
is well determined by independent mea-
surements like primordial nulide abundanes, so this is the optimal hoie for
extrating information about this parameter (without involving ompliated
Jaobian transformations) or assume external priors for it. For the same rea-
son, extrating ondene limits on parameters like h an be a little more
elaborate with this sampling, being the database in ∼ h2.
Another possibility is to sample the database in osmologial variables, like
Ωi and h. Of ourse, this will introdue degenerate models in our database
8
but this sampling has the advantage of obtaining diret onstraints on the
ommonly used parameters and with at prior distributions. In most of the
reent papers, either a 'hybrid' variables approah, with sampling in ωi and
1−Ωm−ΩΛ, or the osmologial variables approah has been used. Here we will
hoose the database approah, sampling the parameter spae in osmologial
variables as follows: Ωm = 0.1, ..., 1.1; ΩΛ = 0.0, ..., 1.0; Ωb = 0.01, ..., 0.25;
h = 0.25, ..., 0.95 and ns = 0.50, ..., 1.50. We will not onsider the possibility
of high redshift reionization of the intergalati medium τc >> 0, a gravity
waves ontribution or the eet of massive neutrinos.
5 Removing the geometrial degeneray: Results
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Figure 4. Likelihood funtions with age prior.
In Fig.4 we plot our likelihood ontours for Ω, Ωm and ΩΛ using just the
intrinsi internal priors of the database plus the quite reasonable age prior
tuniverse > 10Gyr. As we an see, the likelihood for Ω is skewed towards losed
models but is onsistent with atness. It is rather important to note that this
skewness is largely due to the R-degeneray whih makes 'more' losed models
ompatible with the observations. The likelihood for ΩΛ and Ωm are quite at
due to the geometrial degeneray but they nonetheless feel border eets from
the database priors. The likelihood for Ω starts to be in even more agreement
with atness when a Gaussian prior h = 0.65 ± 0.2 is assumed as in Fig.5.
This learly shows that most of the degeneraies in the h < 0.5 region are well
removed by the prior. Inluding a prior Ωm = 0.3 ± 0.2 (Fig.6) as suggested
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Figure 5. Likelihood funtions with h = 0.65 ± 0.2 and age priors.
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Figure 6. Likelihood funtions with Ωm = 0.3± 0.2 prior.
by the majority of measurements, shrinks the likelihood towards Ω = 1 and
gives a strong determination for the osmologial onstant ΩΛ > 0 at 4σ level.
The omplementarity with the supernovae type Ia measurements is even more
lear in Fig.7, where a ombined CMB+SnIA analysis gives ΩΛ > 0 at more
than 7σ and Ω = 1 with a few perent unertainty.
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Figure 7. Likelihood funtions for a ombined analysis with Supernovae.
6 Conlusions
The BOOMERanG and MAXIMA data support the main predition of the
inationary paradigm: that the geometry of the universe is at. The small
deviations towards losed models reported in various analyses ([37℄,[39℄) an
be easily explained by the degeneraies in the osmologial parameters, whih
make more losed models ompatible with the data. These onlusions are
onsiderably strengthened by the inlusion of other osmologial data suh as
measurements of the Hubble onstant, the overall matter density Ωm and the
aelerating expansion rate indiated by observations of distant Supernovae.
At the same time, ΩΛ and other forms of 'dark energy' annot be well de-
termined by the CMB data alone, in spite of their high preision. This does
not mean that CMB measurement are not useful in the determination of suh
parameters: ombining the CMB data with onstraints from observations of
large-sale-struture and from observations of SN-Ia inreases the extent to
whih Λ an be quantied, with ΩΛ > 0 at ∼ 7σ. Future data from the
PLANCK and/or SNAP satellites will hopefully enable us to resolve the 'dark
energy' puzzle.
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